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N
maxiatm l .lih~~’~ . at m na t . r  ~f a d i s t r i l iti on function w ith

Oonoton. failure rate is d e ri ~ ed based ~n a set of observations .uhjec~

to a t t i t * a r y  ri* h t  cenaor*~h1p. P t .  est i a a t oz  1. icf lned  ever yw here c ’r

th e  posi t 1- .e real line while the Kaplan—M.i .t t’~~t t ”~.~:or may n t  he. ~~t~t sm.il) sa~ p1i

prop ert ies of t h i s  e stimat or are In d icated by re sult s of a M onte Carl o

•t uiy  for the ~e 1b j 11 di s tribution .
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1. INTRODUCTIO?

Lu l i f e  t es t ing or survival mtudiea , the observation of the time of

c u r r e n c e  of a f ailure or death may be prevent ed by the occurrence of

some the r event , r esultt ~~ in a 10.1 of an it~~ or individual from the

i~~~ Jy . In this type oi e sc’rin~~, only the time ci loss can be a’ served

w~en the lois occurs ‘ r~ i’re the de.itf ~ t the 1t~w . The proble. of

nonpsr aactni callv e . t ts at t ng  a •urvlval ~unc i ’r frog suc h ~ens red dat a

has received much attention in the rec ent stat ~~s t1c a l  ~t te r atu r e. ~resl ow

& ~r c,wle; ~~~~~~ and l .agskos (1979’ have g iven e l ent r.viev~ of th is

S~.c1 f t ~ ail~~. we nsid.r the ioIlow~n~~. Let X .  X ’ . ...,  X he the

t rue •u?~~~;al tines of n 1t r~~s Or ind ividua ls vh1~ h a re censored Iron the

rig ht ~v a aequen e H • whi ch may be either constants or r an~os

variable s . t is assume d t hat  the are independen t , identica l ly

J~~s tr1 b u t~ 4 rand om variables vith a c~~~~~on unhz%ovn fi•tribution f unction

PU ) . c wish t estimat , the sur ci va l (un~ t1on l (t) • 1 — 1(t) • P r X ’>t)

based on observations consistiul of a sequenc e of p a i r s  (X 1.’1), where

• ( 1 if  s

i i  o i~ 
-. U

1
, ~ • ~ •

Thus. It Is kno’.m which observations are times of d ..aths and which ones

a e  t imes of losses (censored, .

One of th e most popular es timat or a of V U )  t a  the produc t lim it

estiaator P U )  p ? ) pPIe d h~ (ap lan 1. Meter (l9~$), whi h wa~ shown to be

sel!- :onststent t~ El ron (l9f~~). Breslow è Crow l.’y ~~9~ 4) gave a rigorous

den iv.a t~~’n 
- ,f  the large samp le ~,~~p,-r t 1 e ~ of the product limit •stiaator .

Another method of deriving the pro~1t~- l1ri ~ e,~~ m ate  in a m ax i m n r

— -J.- - -~~~~~~~ --- —- _ _ _ _
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likelihood framework considered by Nelson (1969) and Nr.slow (1972. 1974)

was to restrict the set of distribution functions to those having a hazard

f unc t ion which wa, constant between the distinc t uncensored failure times.

The product limit estimate is a stc~ func ti on and is not well-defined when

the largest observation is a loss. To improve on this situation , Susarla

~ Van Ry zin (l9~ 6, ) 9
~ 8~ and Ferguson ~ PPu’dia (1979) proposed nonparametric

Save, estimators whi.~h ar e defined everywhere , use all of the censored and

unc ensored observations , and result in smoother etitimates than the product

limit sit imat.. Susarla & Van Ry zin ’s (19’b) est imator still has jumps

at the un -ensored :ai~ ire t imes , however.

Cox (1972 , IQ’ S) proposed th. proportional haz ,ird model with covariate

variable s and use the partia l li~~c.Ihood principle to analyze survival

data.

It. many situattons , the li f e distribution Fit) may be assum ed or known

to hav, a monotone hazard rr failure rate func t ion (Barlow ~ Proachin (1975)).

For uncenst’red data , Grenander ( 1 9 S 6)  derived maxImum livelihood estimators

for the failure rat , f unction r (t~ and 1 (t) assum ing on~ v that r(t) is

increasing . (Throughout the pape r we wilt . increasin~
’ f o r  ‘nondecr.asing”.)

The consis tency and asymptotic distribution of this ma imum likelihood

ea t taat or were est.~ ’lt ~ hed by ~~irr.~~a~~~ & }~~oschan (l~~tY arid Praka sa Rao

19;0 , reape ti v e ~~

In this paper we obtain the m.iximu~t likelihood esti~aa ’ r  ~ (t) of F(t )

under th. rondit .~n tha t Ftt ~ has a monot one fs il ure rate based on a set

of observatl is su~~e t  to arb itrar y right censorship as desc ribed

pr .vinusly . This maxi~~~ lik*lIhood estimiror Is continuous and weil—d e f ined

for  all t .‘ 0. ln  Sec t ion 3 an ezaapl. is preaen ted , and in Section 4 an
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ind ica tion of the small sample propertie . of ~ (t) as compared with P(t) is

given, resulti ng from a Monte Carlo study for several Weibull distributions

wi th increasing failure ratt functions. The es timator ~ (t) perform s very

well in the tails of the distribution and for sample . und er rather severe

censorsh ip.

2. THE MAX I MUM LI 1(11.1 HOOt) EST I MATOI

Let (X
1
,’~~), i • 1, ..., n denote the sample described in Section 1,

and let I denote the common probability den sity function of the X .  Assume

tha t U 1, ..., I’ are either constant. or independent rand om variables

which are also ind ependent o’ X , ..., X .  Then the likelihood function

can be written as (l..agakos (l~~7Q))

n l— ~
L — L~ (x

1
,1

1
) :  I • I , ..., — •f(* )’ i ,?(x )) I .

1—1

Let the fa~ 1ure rate function be r(t) — f ( t ) ’ F ( t ’ . It follow, tha t the

likelihood f unction is

i — r ~r ( x
1
)~~

1 
~~~~~ . 2.l )

1•1

and since

• •x p(— J~ r (u)duj, t .‘ 0, (2.2)

we can write from (2.1)

In I • in ~~x~ ) — ~ r(u)du . (2.3)
1—1 1—1

Withou t any loss of generalit y, assum e that 
~~ ~ 

We also

a•sume that r( t ) is increasin g . Consider the failure r a t e  functionU



—4-

0. t

r (t ) — r(x 1), ~~ 
t x

141
, I • 1, .. ., n—i

x ~. t .

Then f o r  each t ,  r(t) � r~~ir), and from (2.3), we obtain

in L in rt x ~~
) — 

1
::
) 
!~~

i r’(u ) d u

• 
~ 

in r~ x 1
) — ~. (n—i )(x

1~~1 
— x

1
)r(z1

)
t•1 1•1

- *in I

t)enote the d l a t i n .  t uncensor ed fai lure tImc~ by ~1. T ., . . . . .

vhe~e k ii the number o~ ~ 
which equa l cni . Let denote the number of

losses which occu~ in the interval 1r T
,+1

). including any loss., •t

but not at • 0, 1 , ..., k, whe r e T
0 

— 0 and T~~ 1 
• ~~~. Let the

t imes of the c ases be denoted by i • i , :. ....

Sinc e n t )  Is increasing , r(L~~ ”) r(T~ ). I — l~ . . . (for .acb

that is not zero ) . Therefore , for eac h j, 0 .
~ 

It , we have

0 j
— (n-i)(x — x )r(z 1

)
j—A

0
.s.. .+.k~~~~~~+J 

1+1 ~

- -~~~~ 
- . .+k

1 1
4J)i (L~~

1
~ - T~ )r(T~)

~
‘
0~

• .+A~~~1
+i4l)}(L~~~ —

—~~~~~ 
- (,+ . ~~~~~~~~ 1

+~~4i)}(T~ 
~ 

—

-
-~~~~~~_~~~~~~~- _~~~~~~~~~~~~~~~~

__ _- _— -~~~~ _ _ _
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~~ 1

(~~
)

) 4 {n_ (A
0
+. . .+A

1
+i)~T~4~

— {n — (A 4 . . . +
1 1

4 i)~~ T~~ l r(T
1
),

rep la cin g — r(L~
0
~) by zero , 1 • 1 , ..., 

~~~~

. Hence

It It
in ~ 

in r(T ) — a r(T ) — in L’~ 
(2 . 4 )

i—I j•l ~

w here

I ~~~~~~~~~~~~~ (n-

- -{ n  - (\
0+ . . . +A~ _ 1 +~ )~ T

1
, j • 1, ..., k-i ,

[ 1(k) 4 j -

Now , the problen of .bta1nin~ t he max im um II~ ,1ihoud es t imato r  of r (t)

subjec t to the condition tha t r ( t .~ Is inc r ea~.ing is reduced to that of

mm~~iatrln$ in L
** RIven by (‘.4) subjec t t o  the constraint

r (T
1
) ~ r( 1

2
) s . . . r¼ T

k
). ir t  ~ • r(T~ ). — 1 I. Then we wish to

obtain

It It
max ( V 

~~ 
y 5 %~

J•I (2.5)

subjec t to “ I “

U. note that i’ for so.. J~ 
a~ • 0, then the func t ion C(y 1, 

~~~~~~~

It
~ (in y ~ 

- a y ~ ) Is not bounded. How ver , when j It,

j .1 ~ ~ .1
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.+~~~
1)

+ (n— ~~0~
. . .+A~41))T~

— ~~~~~~~ . .+I
’
~~ — . I � (‘

1 
,~ 

j I

Therefor e , only a, can be zero and this occurs when there are no censored

observations larger tha n TIt. the largest uncensored failure time . if ak 
0,

ii is impossible to obtain a maximum llItelihood estimator of r (t) directly

by solving (2 .5) . Consequentl y, we first consider the subclass F
M of

d istributions F with correaponding iallur . rate functions bounded by a

c onstant H. Fo1~ owing the argument of Marshall 6 Proscha n (1965) and

utilIzin g the ~e.ults of Barlow , Bartholomew , 1r enner~ & Brunk (197 7 , p. 44),

the max imum likelihood •at1~~~t or .S r~~t) for ) , is given by

) — mm : mm max ~(v—u)/ (r
14. ..+r

1 ) .~, P42 ( 2.6)
n I u v-i

v~ i+1 u~~~

where • N ar~1 • .i~~~~. j — 
~~~
, k—i. le ttin *~ ~ ~ in (2.6), we

obtai’~ the maximum l1k.e l~ ht’od est~aator of r(t) for F as

- I ~r(t) — ‘
~ r (T

1 ” . T~ t T1,1 . I • 1. 2, ..., k—I (2.7)

I r (T ) ,  T S t
i~ n k  k

where

• mm max {(v—u~~~~~ + . .. +r
1
1
)), I — 1, ..., k-i ,

v~ 1+l u~~1

and r
fl
(Tk)
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~ a~ ~ 0, the solution of (2.5) Is obtained by applying the results

of Barlow, Bartho lomew , Ireener , & Br ink (1972 , p. ~.4). In thu case , the

maximum likelihood estimator of 1(t) 1~ given by (2.7) where

r(T
1
) • mm max

v~ i+l u~-1

and r~ • a~~
1
. j  • 1. 2 , . . . , It.

in either CISC , the ma~ iaum 11.~eIIbood estimator of FR) is obtained

from equation t2 .2) as

F(t) — exp 
~— j ~ 

r (u~ ou~

• exp — Y r ( ~~~~~nin ( r , T~~~ ) — T
1
I~~, t � 0, (2 . 8 )

l
~~~~:

where I — 0 and • ~~~ . It, note tha t this estimator c) the survival
0

f unction I. veil-dc ’ m e d  for all t 0. 1. a smooth Iunction , and approaches

zero as t ~ ( I t a • 0, ?(t) — 0 for t I since r (1 ) —It It n It

Similar techniques can be applied fo r  the case tha t F has decreasing

‘allure rate.

3. All LXAI~O’LE

.ee us . the data given by Kaplan & Neier (1958, p. 464) and also used

by Su sarla & Van ~yzIn (1976) to obtain an estimate of the survival function

from the maximum likelihood procedure in Section 2. The ordered data are

0.8. l.0 , 2.7
k
, 3.1 , 5.4, 7.0~ , 9.2. i2 .1~ mon ths , where 4 denotes a time

of loss. In our notation • 1, 1 - 1. 4, 5, 7 and ‘

~~ 

0 . 1 — 2 , 3, 6. 8,

wi th T~ — 0.8. T , • 3.1 . • 5. .., and I — 9.2. A lac , • 0, — 2,

2 • 0, • ~ • 1 wi th L~
1
~ • 1.0 , ~~~~ — 2. 7 , L~

2 )  
— 0, L~

3
~ — ~~~~ and 

---_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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— 12.1. The aj 
are then a

1 
• 13.6 . 57 — — 9.2. and 54 • 2.9.

( F i g u res 1 and 2 abou t here )

Figure 1 shows th , est imate r
8
(t) of th t ~ fai l u ’e rate function . We

note that sinc e a ensored v.ilue was observed larger tha n 14. 
r
8
(t) ix

finite for all t. FIgure 2 gives the estioates of the surviv~*l curve using

F (t) given by ~2.8) and P t ~~, t).&. product 1~~~It estimate. These results

can be ~uopared with the nonparanetric Bayes estimate ~or the &sme

given by Susarla 4 Van Ryzin (197b , p. 900). We remark that to obtain the

nonp arame tric Bayes esti m ate , the parameter u of the Dirlch iet process prior

u st be chosen. Suzarla 6 Van Rvzth (1976) IndI cate the effect s of three

cho I~.s of ~ on th e ’r estimate.

‘.. SMALL SA.’~U~LE COPU’ARIS(*IS

~e have performed Monte Carlo simulations for the WeIbull distribttion

in order to ob ta in the small sample behavior of the estimator P(t) as

compared wi th the produc t l imi t esti mator P(t). The simu lations were based

or 2O(~’O random samples each of size n . (xv, from a Weibull distribution

v’th survival func t ion F(t) — exp (—t~ /B), t � 0, with right censorship .

The censoring random variables were chosen to he independent

of the and independent , identi c all y distribut ed as uniform on (0,~~~),

where 1. was the .th percentile of the Weibull diatrib itlc ’n . For exaarle ,

when - . • ‘5, we obtain on the average V~ censoring jr the easples (censoring

fract ion 0.2S).

The average sçi~i re ~ error o~ the estimates was ccinputed from the 20(’

tria ls for various v al ue - o~ & 1 . n , and censoring f r a  tions. Table 1 show.

P.
-e

_ _ _ _ _ _ _ __ _ _ _ _  ~~~~ 
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(Tabl e 1 abou t here)

some of the re sil ts . A . anr~ lp.t.d, the performanc e o~ ~ improves as the

c ensorin g be o ss mi re s,~~e tr , as u ir,.. rsasc.. and as n Increases. Compared

v1~~ P . F doe. muc h better in  both ~atlx ~! the distrit ’~it i ur,. and perform s

as well as P in the re n re ~ based on the mean squar ed cr’ . . T I .  is not

surpr 1stn~ !or U-c I.~~’pV ~~ ta l , h~’~~,ve~ , a1n~ e P is T ) ( ’~ well—def ined when

the argest obse rva ~ n is a li’s5. In t~~r ‘~~~ i 1ations , we dcl ine’J ~t) to

be the c onstant P(Tk
) for t ‘ T~~. 

,
~~au1’ .~ - n ~~ Ia~ t , .  ~~~~~ 1 were also f ound when

unc ensored saai~1.s w ’  e used ; tha t is . the .stta.t r ‘,f Crena nder (19S6 )

and Marshall 4 Pr it. han ~~~9 P.”> I behaves 1- . the •ai t- m grn er as Indi cated by

when cum;ared vi~~ the product l imit estlaat ’r (which is one min us

t~.e ~~~~ r i c s 1 J t s t r  Ibu t ~~~ . ~ ufl C zion i t t  a c caIpleU 54~~)1C Y

-l
-~~~~~~~~~ ~~~~~~~~ •~~~~~~~~~~ •~~~~~~~~~~~~~~~~~~~~~~~~~~ • •~~~~~~~~~~~~ - - --~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ _____ _______
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